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We show that the upperbound for the number of nuclei of a q + 1-set in the 
Desarguesian ffine plane of order q, and the Jamison-Brouwer/Schrijver lower- 
bound for the size of a blocking set in the same plane are consequences of a single 
theorem. © 1994 Academic Press, Inc. 
1. INTRODUCTION 
Let d = AG(2, q) be the Desarguesian affine plane of order q. A subset 
B of d is called a blocking set if it is met by every line. An easy example 
of a blocking set of size 2q - 1 is given by the union of the point sets of two 
non-parallel lines. It was conjectured by Doyen [3] that this size in fact is 
a lower bound. This was proved independently (and in greater generality) 
by Brouwer and Schrijver [2] and Jamison [4]. 
Now let B be any set of points in d ,  with IBI = q+ 1. A point not in 
B is called a nucleus of B if every line through it meets B (exactly once). 
An easy example of a set B with q -  1 nuclei is given by the union of the 
point set of a line l and an additional point P. The nuclei of this set are the 
q -1  points on the line through P parallel to /. It was conjectured by 
F. Mazzocca that this size is an upper bound. This was proved by Blokhuis 
and Wilbrink [ 1 ]. 
In this note we will show that these results are in fact the extreme cases 
of a more general result. 
2. THE MAIN THEOREM 
Let B be any set of points in d .  A point not in B is called a nucleus of 
B if every line through it meets B (but no longer necessarily exactly once). 
Let us denote by N(B)  the set of nuclei of B. 
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THEOREM. Let B be a set of points in AG(2, q) with [BI = q +k. Then 
IN(B)I <~k(q- 1). 
Note that the case k = 1, corresponds to the "old" nuclei theorem, while 
if B is a blocking set then every other point is a nucleus of B so we get 
q2<~q+k +k(q -  1), 
and from this we get k>>.q-1 or IBI ~>2q-1. 
Before proceeding with the proof let us introduce some notation. Let 
X= (xl ..... x , )  be a sequence of elements from a field F. The kth symmetric 
function ak(X) is by definition the coefficient of t k in the polynomial 
fi (1--xit). 
i=1  
Equivalently l-L= 1 (t - xi) - ~k=O ak(X) t n -k .  
LEMMA. Let 5f= (xl, ..., Xq+k), with k <<.q be a sequence of elements of 
GF(q 2) containing all (q + 1)st roots of unity (or, equivalently, containing all 
(q - 1)st powers). Then ak(~) = O. 
Proof We have 
q+k 
f ( t ) := I-I (t - xi) = (t q+ 1 __  1)(t k- 1 + terms of lower degree), 
i=1  
where the divisibility o f f ( t )  by tq+l -1  follows from the fact that Y" 
contains all (q+ 1)st roots of unity. Expanding the right hand side and 
using k ~< q one sees that the coefficient of t q is zero. 
Proof of the Theorem. Identify (as usual) the points of AG(2, q) with 
the elements of GF(q2). If a and b are two points of GF(q 2) ~ ~/ then the 
direction of the line joining them corresponds one to one with the value of 
(a  - -  b )  q -  1.  Now let B = { b ~ ..... bq + k }. A point x is a nucleus of B precisely 
when the sequence ( (x - b 1 )q - 1, ( x - b 2 ) q - 1 . . . . .  ( x - b q + k) q - 1 ) contains all 
possible (q -  1)st powers in GF(q2). Define the polynomial 
FB(X ) = O.k((X - bl)q-1, (X--  b2) q- 1, ..., (X -  bq+k)q-l)). 
Then FB(X ) is a polynomial of degree k(q -1) (note  that Fs does not 
vanish identically, since the coefficient of X k(q-l) equals ( -1 )  k (q~k)4:0) 
and the nuclei of B are zeroes of Fs(X) by the lemma above. Hence 
IN(B)I <~k(q- 1). 
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